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The results of the numerical solution of the motion of the oscillator through a potential barrier 
obtained on the basis of the description of the dynamics of systems for the two types of symmetry: 
the symmetry of the system and the symmetry of space given are submitted. These results support 
the need to present the equations of motion systems in independent micro-variability defining their 
internal energy, and macro variables that determine the motion of the center of mass of the system 
in the field of external forces. The proposed approach to the description of the dynamics of systems 
allowed revealing principal features of their dynamics. In particular, the passage of the oscillator is 
set below the barrier, as well as the "quantization" of energy transmission. Explanation of the 
mechanism based only on the laws of classical mechanics. 
 
Introduction 
A key idea in defining the approach to the description of the dynamics of systems based on 
the knowledge of the laws of the dynamics of their elements is the idea of about two types of 
symmetry, determining the dynamics of the system: the symmetry of space and the symmetry of the 
system. On the basis of this idea is a based mechanics structured particle (SP), which is an 
equilibrium system of potentially interacting material points (MP) [1, 2]. It is through the 
representation of energy in accordance with the dualism of the symmetry as the sum of the internal 
energy of the SP and the energy of its motion in space; it was possible to obtain the equations of 
motion in the non-homogeneous space, based on Newton's laws for the MP. [7] This equation, in 
contrast to Newton's equation for the MP, is irreversible. Irreversibility arises in connection with the 
inclusion of a description of the nonlinear motion energy transformation into the internal energy. 
Force, which enjoys such a transformation, can not be expressed through the gradients of scalar 
functions. This means that the availability of the systems of internal energy dynamics makes them 
fundamentally different from the dynamics of unstructured bodies. Here it is shown by the example 
of the dynamics of the most simple system - oscillator (OS), which consists of two potentially 
interacting MP. 
OS is rather traditional object of research. He's solved a huge number of problems. For 
example, he has been given considerable attention in the work of Mandelstam [4.]. Its simplicity has 
helped to investigate the problem of mixing in Hamiltonian systems and open deterministic chaos 
[5]. OS is at the heart of the theory of quantum electrodynamics [6]. Currently operating actively 
investigated in the study of issues related to the mechanisms of the structures and clusters [12]. 
As a rule, the study of the dynamics of systems in classical mechanics is carried out either in 
the framework of the Hamiltonian formalism, or by using empirical equations that take into account 
the dissipation. The study of the dynamics of the operating system in an inhomogeneous field forces 
from positions of exchange between its internal energy and the energy of motion is almost not 
satisfied. Need to take account of this exchange have become clear in the study of non-equilibrium 
systems. [6]. How it was shown in [7], it is the relationship between these types of energy 
determines the dynamics of systems. It turned out that, despite its simplicity, the dynamics of the 
OS already evident main characteristics of the systems, such as the duality symmetries of the 
system and space. 
Here on the example of the numerical solution problem of the passage running through the 
potential barrier is shown that allowance for of internal energy and the possibility of its 
transformation into energy of motion, can qualitatively change its dynamics. Precisely in this task, 
the most profound and easy it is come to the understand the need for these systems within the two 
hierarchical levels by introducing micro parameters characterizing the dynamics of the system 
elements and macro parameters characterizing the motion of the system in a heterogeneous space. 
[3]. Only under such a description are shown the qualitative distinguish of the dynamics of 
dissipative nonequilibrium dynamics of unstructured bodies resulting nonlinear relationship of the 
internal energy and the motion energy. The main goal of this work was to identify patterns of 
dynamics OS due relationship of the internal energy and the energy of the system. 
 
Statement of the Problem 
To solve this problem we take as a model the OS from two potentially interacting MP. So the OS 
can serve as a two MP connected by the spring. The OS motion in a non-uniform external field is 
characterized by its total energy or Hamiltonian. Under the condition the homogeneity of time the 
energy is invariant of the motion. Let us consider the passage of OS through a potential barrier, 
depending on the ratio of the motion energy, the internal energy, the barrier height and the relations 
of the linear dimensions of the barrier and the OS. For these purposes, let us represent the energy of 
OS as the sum of the internal energy and the motion energy. 
In the laboratory system of coordinates (LCS), the energy of the OS in general can be written 
as follows: 
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Here 1x  and 2x -are coordinates of the first and second MP accordingly; 1x&  and 2x& -are 
velocities of the first and second MP accordingly; 1m  and 2m -are masses of the first and second 
MP accordingly; ( )U x  - is a potential energy MP in the external field; bU - is a height of the 
potential barrier; bR - is position of extreme barrier; a - is a half-width of the barrier; 12U -is the 
energy of MP interaction. Then for OS we have: ( )212 1 2 0 / 2U k x x l= − − . From the condition of the 
homogeneity of time the condition: 0E =&  have a place. Then from (1) we have  
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Here 
1 1
/xU U x= ∂ ∂ , 2 2/xU U x= ∂ ∂ , 12 1 2( )F k x x l= − − . 
Let us write the energy of the OS in the center of mass (CM). In this coordinate system the 
energy of any structured body is the sum of the energies of the elements of the body relative to the 
CM, which is called the internal energy, and the motion energy of the body, which is given by the 
coordinates and velocities of the CM of the body. Variables determining the energy of the motion of 
CM and the internal energy of the body, are independent. 
To go in to the CM, perform the following coordinate transformation: 1 1 2 2
1 2
,
m x m x
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+
+
 
1 2.r = x x− . We can write in this case for eq. (1):  
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part of the internal energy of ОС; 12 ( )rU U r= - is a potential part of the internal energy; 
( ) ( ) ( ) ( )1 2U U U R U R+ −+ = + -is a potential energy of the first and second MP in the external field 
of force; 1( / )R R m rµ+ = + , 2( / )R R m rµ− = − .  
For eq.(2) we have: 
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where , ,/RU U R+ − + −= ∂ ∂ , v r= & . 
If the external field is given by the function ( ) ( )
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forces acting on each of the MT is given by: 
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According to (4), the force is proportional to the barrier height and inversely proportional to 
the square of its width. Let us: 1 2m m m= = . Then: 2
m
µ = , ( ) ( )RU R F R+ += , ( ) ( )/2rU R F R+ += , 
( ) ( )RU R F R− −= , ( ) ( ) / 2rU R F R− −= − .  
Consider the possible cases. Let us we have: a b>> . Then: 
, ( ) ( ) ( )r r rR R R U R U R U R+ − + −≈ = ≈ = . If R r>>  then the variables in (3) are separated. This leads to 
the well-known equations of motion for the OS: 
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In according with the eq. (1) the OS motion is determined by the next equation: 
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where ( ) ( )1 1 2 12 1 1 2 0/iF x x U x = k x x l− = −∂ ∂ − − − - is internal force which acted from the side of 
second MP on the first MP; ( ) ( )2 1 2 12 2 1 2 0/iF x x = U x = k x x l− −∂ ∂ − − - is internal force which acted 
from the side of first MP on the second MP: k - is a spring stiffness; 0l - is a width of the barrier. 
The next condition for the internal forces have a plase: ( ) ( )1 1 2 2 1 2i iF x x F x x− =− −  
 
 
 
 
 
 
 
 
 
Fig. 1. The scheme to the calculation of the OS passage through the potential barrier. 
 
The numerical calculations were performed both in the laboratory system coordinates and the 
coordinates of the CM. Obviously, the numerical results do not depend on the chosen coordinate 
system, but the advantage of the CM coordinates consist in the possibility of identifying the 
physical nature of the dual system of coordinates (DSC) for structured body having internal energy. 
Here, under the DSC means that the OS motion is determined by the CM motion in space and MP 
motion are determined relative of the CM. In DSC the OS energy splits into the internal energy and 
the energy of motion of CM, and the equations of motion take the form: 
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where the arguments of the external forces 1 and 2 are in accordance with 
1 2
1 2
,
µ µ
x R+ r x R r
m m
= = − . In Fig. 1 shows the scheme of the task. 
The calculations were performed for the case of linear OS. According to these parameters of 
the task, such as the spring constant, the length of the OS, the value of internal energy and kinetic 
energy of the CM are selected. To perform the Hooke's law, the total energy of the system for the 
OS is set much lower than the maximum possible internal potential energy:
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In calculations the control of performance of necessary conditions that determine the 
accuracy, including the conservation of the total energy is carried out. The investigation of the OS  
dynamics is realized in the following areas of parameters: 
0< 0 0b b R R bE <U , <U <T < E, <T <U < E. . The initial conditions for the system of differential 
equations of the second order can be written as: ( ) ( ) ( ) ( )
0 00 0
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Absolute values 0 0 0, ,R rV v r  were determined from the initial conditions defined types of 
energies, i.e. out of R r rT ,T ,U , respectively. The initial coordinate of the CM was determined from 
the condition: 0
0
b
R
R
R a
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µ
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k
= - is a OS period of oscillation in an area where the 
external forces are negligible, i.e. away from the barrier. The latter means that the OS manages to 
make a number of oscillations before the scattering in the barrier. 
The half-width of the potential barrier ab was determined in units and ranged 0< b ba R<< . 
Spring constant and mass MP were selected on the basis of the required values of the characteristic 
time scale of the task and linear boundaries interparticle forces. In numerical calculations the OS 
considered to have passed through the barrier, if the CM reached distance 02l  behind the barrier, 
when the half-width of the barrier 0 bl a>  and 2 ba  when 0 bl a< .  
 
RESULTS OF CALCULATIONS 
In order to verify the correctness of the account first calculations were made for the passage 
of one MT at preset threshold. Calculations confirmed the known fact of classical mechanics that 
MT only passes through a potential barrier, when the condition / 1bE U >  have a place. 
Then we calculated for the case k →∞ , 1 2x x l = const− = - which corresponds to an 
absolutely rigid dumbbell. In this case, the Hamiltonian, defined up to a constant, is as follows: 
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In Fig. 2 is a graph of the OS cross the barrier in depending from the ratio of its size to half 
the width of the barrier: /l a . It was assumed that the OS was cross a barrier, if carried out, as a 
minimum, the following conditions: ( )2 b bx t R= , ( )2 =0bx t& . Where bt  - is the time when the end of 
the OS on at the top of the barrier. Criterion of the cross from the barrier is a condition: 
( )2/
0 / >1
bl a
R bT U + e
− .  
 
 
 
Fig. 2. The depending of the total energy transmission MP (left) OS through the barrier from 
the relative size of the OS (right). The initial energy of motion changes from zero. The barrier 
height is 0.03. Changes the size of the OS. 
 
OS reflection from the barrier with these characteristics is significantly different from the task 
of reflection MP with the mass 1 2M = m +m  in the area when its size is less than or comparable 
with the half-width of the barrier. If the size of the OS is much smaller than the width of the barrier, 
it behaves like the MT double weight. If the size of OS exceed the width of the barrier at least 
twice, then to pass through the barrier of energy is required in half. This is because the OS 
interaction with the barrier is determined only under its area of one MP. 
Now consider the general case of the dynamics of the OS. If at the time of passage over the 
barrier coordinate and velocity of the CM OS obey to the qualities ( ) ( )
2
b b b
µ
R t R + r t
m
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then OS will be considered to have passed through the barrier. The total energy OS is:  
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where ( )b br r t=  is a distance between MP, ( )b br = r t& &  is a relative velocity of MP. 
In according with the eq. (10) the energy threshold for is not unique. It is defined as the 
characteristics of the barrier and the relative velocity br&  and position br  at the moment of the 
passing through the barrier. So it is determined by the internal energy of OS also. It is obvious that 
r b  and r˙ b  on the one hand determined by the initial conditions ( )0r  and ( )0r& , on the other hand, 
initial conditions ( )0R  and ( )0R& , and the dynamics described by the system of equations of 
motion OS. Thus the passage of OS through a barrier in the general case should be defined by the 
total energy, its redistribution between internal energy and the motion energy, as well as the initial 
conditions or the phase.  
Let us consider the results of the calculation of the passage OS at zero internal energy. They 
imply that the OS goes through the barrier as soon as the energy of the motion of its CM is equal to 
or higher than the energy barrier. Numerical criterion for cross-country, in this case, was the 
position of the CM 0+3bR = R l .  
In Fig. 3 shows the depending of the passage OS from the changes of the internal energy at 
constant energy CM. It is varied the starting position of CM 0R , for fixed values of the half-width  
0 / 2ba l= ( 0 =1l ) and the higher of the barrier 0.03bU = .  
        
 
 
 
 
 
 
         
 
                                             а                                                               b 
         Fig. 3. Dependence OS motion from the internal energy when CM motion energy is constant.  
 
The initial energy of the CM is below the barrier height by about 15% for all calculations. On the 
fig. 3b and in subsequent similar figures the color intensity is the measure of the internal energy 
transformation into the CM energy and vice versa, in the following quantities: 
0 0( ) / 100%R R RT T Tε = − ⋅ .  
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Fig. 4. Dependence of the OS motions through the barrier from the CM energy. Barrier width 0.25/ 
 
In Fig. 4 displays the results of the calculation, when varying the initial energy of the CM motion 
with zero initial internal energy. barrier height 0.03, width 0.25 barrier, size OS 1. It is seen that 
between the regions of total reflection and transmission, there is an intermediate region with 
discrete trench transmission and reflection. These are determined by the line of the phase condition 
in which the external force acting on the OS side of the barrier, less than the forces of the two MT. 
In Fig. 5 displays the results of the calculation also varies the initial energy of motion CM. 
But the initial internal energy of OS is 0.005; the barrier height is 0.03; the barrier width is 0.5; the 
size of OS is 1. 
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Fig. 5. Dependence of the OS motions through the barrier from the CM energy when the 
internal energy is constant. Barrier width is 0.5. 
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Fig. 6. Dependence of the OS motions through the barrier from the CM energy when the 
internal energy is constant. Barrier width is 0.25. 
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Fig. 7. Dependence of the OS motions through the barrier from the internal energy when CM 
energy is constant. 
 
Thus, the reduction in the width of the barrier leads to an expansion of the reflection OS, but the 
islands areas of passage are appearing. In general, we find that an increase in the internal energy 
from 0.005 to 0.01, or amplitude, the reflection height of the barrier is increases. In this case, there 
are small islands in the periodic passage of the reflection. 
 
 
 
                        
а - initial conditions is similar as on Fig. 5.               b-  - initial conditions is similar as on Fig.7а. 
Fig. 8. The initial and final positions OS. 
 
In Fig. 8 shows the results of calculations of passage OS depending on the energy of the CM 
(Fig. 8a); internal energy (Fig. 8 b) and the initial position of the CM. Total number of OS is N = 
14,140. The number of OS that have passed through the barrier is Nt = 3757. The number of 
reflected OS is Nr = 10,307. The barrier is located at around 10, and did not exceed the width of the 
0.5 when the size of the OS is 1. 
Thus, the presence of the internal energy leads to the fact that the OS can pass through the 
potential barrier in the case when the height of the barrier above the energy of motion of the OS. 
This passage provides a possibility to transform the internal energy of the OS in its internal energy 
at certain phase relationships. It is obvious that the passage is only possible if the total energy of OS 
above the energy barrier. The periodic structure of reflection and passing through barrier which 
determined by the width of the barrier, initial conditions, the phase relationship between the internal 
energy of elements, the OS frequency, is appearing. In certain cases within this area there are 
periodic islands of the passing. 
 
CONCLUSION 
The main result of the numerical analysis of the OS passing through the potential barrier is a proof 
of concept of the need to submit energy systems as the sum of their motion energy and internal 
energy. This representation is achieved by transition to an independent micro and macro variables. 
[7] Micro-variable characterizes the motion of the elements of the system relative to the center of 
mass, and macro variables determine the motion of the system as a whole. Only thanks to the 
division of energy into these two types, it was possible to establish the nature of the OS passage 
through a potential barrier. This nature is connected with the possibility of OS internal energy 
transformation to the motion energy. As a result the system can to overcoming the barrier when the 
motion energy is less than the height of the barrier. This is due to the non-linear transformation of 
the OS internal energy into the energy of its motion on the gradients of the barrier [3]. 
The OS reflection from the barrier is also possible when the energy of motion of OS above the 
energy barrier. It is due to the conversion of motion energy into the internal energy. I.e. for a given 
energy of motion OS can be observed as the passage and reflection from the potential barrier, as in 
the kinetic energy of the higher energy barrier and the reverse condition. For example, if the internal 
energy of the first OS is zero, then it cannot pass through the barrier, even if the energy of motion 
above the potential barrier. The passage depends on the initial phase of the motion, from the initial 
values of the internal energy and the energy of motion, the ratio between the height of the barrier 
and the energy of motion, as well as the ratio of the size of OS to the width of the barrier. The ratio 
between the energy of motion and internal energy is change but the OS total energy is a constant. 
Banded structure of transmission and reflection of the OS through the barrier determine the phase 
characteristics of the initial parameters of the OS. This structure looks like structure of the passage 
of an electron in an atom through a potential barrier, which led N.Bohr to the ideas of quantization 
of energy function of the electron from the atom [10]. But the OS pass across barrier is a 
fundamental difference. Thus, in the framework of quantum mechanics, the passage of elementary 
particles over a potential barrier is due to the presence of a non-zero wave function for passage. But 
the OS passage is determined by the laws of classical mechanics. 
The OS features of the dynamics and the fundamental difference between the dynamics of the 
rigid body due to the presence of internal energy and the possibility of its non-linear transformation 
within the energy barrier to the motion energy and vice versa. Nonlinearity of the OD dynamics is 
due to the gradient of the external forces. This gradient is necessary to change the internal energy 
[2, 7]. The vanishing of the gradient leads to the constancy of the internal energy. Thus, the main 
difference the systems from structureless particles is the presence of internal energy. 
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